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1. Introduction

Much progress has been made in the study of nonlinear dyna-
mical systems yet challenges remain, due to the existence of
extremely rich orbit structures in the phase space, culminating
with the appearance of strange sets with chaotic dynamics.
Unveiling the orbit topology and global behavior of a nonlinear
system constitutes one major goal of the dynamical systems
theory. Although locally (e.g. around equilibrium points) orbits of
a nonlinear system can be mapped to those of a linear one [1], it
is difficult to state the precise region of validity of this mapping
because of the usually limited information on the global phase
space structure. Moreover, it is often true that this (local) mapping
does not provide a linearizing transformation in the whole phase
space, most commonly due to the existence of disconnected
attractors and their basins of attraction. The best expectation,
therefore, is to see the preservation of the linear system orbit
structure in the basin of attraction. Accordingly, the whole phase
space can be effectively viewed as a juxtaposition of such domains.
Ergodic partition theory [2-5] provides means for detecting such
domains. This theory utilizes spectral properties of the so-called
Koopman operator [6,7] at eigenvalue 1. Here we show that
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linearization in the whole basin of attraction is indeed possible for
a large class of dynamical systems, and that this fact is also related
to spectral properties of the Koopman (or composition) operator.

In the neighborhood of a normally hyperbolic manifold, linea-
rization is always possible [8-10]. Specifically, around a hy-
perbolic equilibrium, Hartman-Grobman theorem establishes
topological conjugacy of the nonlinear system with a linear one
[11,12]. With further restrictions, the linearization map can be
made C¥-continuous or even smoother [13]. For analytic vector
fields satisfying a non-resonance condition, Poincaré-Siegel the-
orem indicates the existence of an analytic linearization [14].
However, all these theorems only provide a much under-estimated
linearization region. Results for linearization in the whole phase
space were proved for vector fields with a bounded nonlinear part
which are small Lipschitzian [15-17], i.e., for vector fields with
weak nonlinearity. Symmetry considerations with the application
of Lie algebra provide an alternative way of detecting lineariz-
ability of nonlinear ordinary differential equations (ODEs), but it
requires detecting all the symmetries of nonlinear ODEs [18,19],
which is often a formidable job itself. On the other hand, trans-
formations of various types are designed to linearize nonlinear
ODEs with solutions worked out explicitly [20,21]. However, each
of these only applies to a restricted class of ODEs.

In most linearization schemes (with the exception of work in
[22], where the authors use differential topology techniques to
obtain results on global asymptotic exponential stability, without
requesting that the spectrum be preserved, the condition that we
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keep in our work), the global results are obtained either through
the exact solution of the equation or with the assumption of
weak nonlinearity [23-25], so the behavior is dominated by the
linear part. For general nonlinear systems, these requirements
are usually not satisfied and new approaches are needed. In this
paper, we utilize the orbit conjugacy generated by the flow itself to
extend the local results of Hartman-Grobman to the whole basin
of attraction of a stable equilibrium or a limit cycle, which avoids
proof of convergence in a large region. Therefore, our results go far
beyond the immediate neighborhood of an equilibrium while the
linearization is expectedly restricted to part of the phase space if
multiple equilibria exist. We also put linearization schemes in the
context of spectral properties of the Koopman operator.

The paper is organized as follows. In the next section, after
stating Hartman'’s local theorem, we prove linearization in the
basin of attraction of an equilibrium for maps, autonomous or
periodic flows. The linearization in the basin of attraction of a
stable periodic orbit is also proved. These theorems can all be
applied on the stable or unstable manifold of equilibria or limit
cycles. In Section 3, several typical ODEs are used as examples
to demonstrate the linearization in large regions, with the help
of analytical or numerical integration. In the final section, we
summarize our results and point out possible future directions for
further investigation.

2. Extension of linearization theorems
2.1. Definitions, notations and Hartman-Grobman theorem

In the following, we will consider a continuously differentiable
dynamical system defined in some open region D of R",

x=f(x) =Ax+ v(x), (1)
where the origin x = 0 is a stationary point contained in D,A =
Df (0) is the gradient of the vector field atx = 0,and v(x) ~ O(|x|?)
is the nonlinear part of the vector field. System (1) induces a flow
¢(x,t) : DxR — D and the positively invariant basin of attraction
£2 of the fixed point is defined as usual

2 ={x:¢(kx,t)eD, Vt >0and tlL1T010¢>(x, t) = 0}. (2)

B, is used to denote a ball of radius r in R". For two vectorsa, b € R"
the inner product is defined as

n
a-b= Zafbi,
i=1

where q;, b; are components of vectors a and b. The 2-norm of a
vector b is defined as

Ibll; = ~b - b.

We use capital letters to denote matrices, like matrix A in
Eq. (1) and I for the identity matrix. All eigenvalues of a symmetric
real matrix Q are real. We use Ay (Q) and Apin (Q) to indicate its
largest and smallest eigenvalue, respectively. It is also convenient
to define the 2-norm of a matrix P
IPll; = max [IPx], .

Ixl2=1
If P is symmetric and positive definite, |P|l, = Amax(P).

Here, we present the most well-known local theorem on the
linearization of a nonlinear vector field—the Hartman-Grobman
Theorem, which states that provided the nonlinear system (1) is
hyperbolic at the origin, then it is locally conjugate to the linear
system

X = Ax. (3)
For convenience, we reproduce the theorem as follows
Theorem 2.1 (Hartman-Grobman Theorem). Let f € C'(D). Sup-

pose that A has no eigenvalue with zero real part. Then there exists a
homeomorphism h of an open set U C D,0 € U onto an open set

V C R", 0 € V such that for each xo € U, there is an open interval
Iy C R containing zero such that for all x, € U and t € Iy,

ho¢(xo, ) = h(xo); (4)

i.e.,, h maps trajectories of (1) near the origin to trajectories of the lin-
ear system (3) and preserves the parametrization by time.

Note that the Koopman operator Ut corresponding to (1), acting
on functions g : D — C is defined as

U'g(x) = g(o(x,1)).

A function ¢ is called an eigenfunction of U’ associated with
eigenvalue A, provided

U'p(x) = exp(rt)p(x). (5)

In the same vein, we could call a matrix A an eigenmatrix of
Ut associated with eigenmapping h provided (4) holds. Note that
within Hartman-Grobman theorem and the Hartman Theorem
stated below, this is the case only locally, around an equilibrium
point, and possibly for finite time. Let A have distinct real
eigenvalues, and it can be transformed into a diagonal matrix A
using a linear transformation V. In that case settingz = V~'x leads
to

z=V'AVz = Az,

and V is the matrix of column (right) eigenvectors, then we get
V7 lho ¢(xo, t) = Ve h(x),

and k = V~'h satisfies

ko p(xo, t) = e k(xo); (6)

i.e. each component function of k is an eigenfunction of U'. In the
theorem, h(x) is a homeomorphism. Additional conditions may set
h to be diffeomorphic or even analytic. For a stable or an unstable
equilibrium, we have the following Hartman Theorem.

Theorem 2.2 (Hartman). Let f € C?(D). If all of the eigenvalues of
the matrix A have negative (or positive) real part, then there exists a
C'-diffeomorphism h = x+h of a neighborhood U € D of x = 0 onto
an open set V containing the origin such that for each x € U there is
an open interval [(x) C R containing zero such that for allx € U and
t € 1(x)

ho(x, t) = eMh(x).
In addition,

[
lim 2=-90
=0 x|l

In Hartman’s version of the theorem, the time interval can be
extended to +oo for stable dynamics and —oo for unstable
dynamics.

In the following, we will extend Hartman’s local theorem for
stable equilibria to a global one that is valid in the whole basin of
attraction.

2.2. Linearization of autonomous flows
Before proving the main theorem, we prove two lemmas.

Lemma 2.1 (Differentiable Dependence on the Arguments). Consider
the flow

x = ¢1(xo, 1), h = ¢2(xo, ho, )
defined by the ODEs
x=fx), h=gxh),
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where x,h € R.f € C'R"),g € C'(R" x R") and x; =
$1(X0, 0), hg = P2(X0, hg, 0) = ho(xg) € Cl(E), where ¥ C R"
is a simple smooth (n — 1)-dimensional hyper-surface. Let D C R"
be an open region. If for x; € D, there exists Xo(x1) € X, t(x1) € R
such that x; = ¢1(xo(x1), t(x1)) and the orbit passing x, intersects
X transversely, then the following is true,

(i) 9B, C D with x; € B,, such that Vx € B;, 3xq(x) € X, t(x) €
Rsuchthat x = ¢1(xo(x), t(x)) and the orbit passing x intersects
X transversely;
(ii) Xo(x), t(x) € C'(B,);
(iii) h(x) = ¢2(X0(x), ho(Xo(x)), t(x)) € C'(By).

Proof. According to the basic theorems of ODEs, f,g € C!(R")
implies that ¢, ¢, are C' functions of their parameters.

(i) and (ii) follow the C'-continuous dependence of ¢;(x, t) on
its arguments and the implicit function theorem.

(iii) originates from the continuity of combination of maps,
since ¢, (o, hg, t) € C1, hy(xp) € C1(X) and x,(x), t(x) € C'(B,)
as proved in assertion (ii). O

The next lemma uniquely labels each point in the basin of
attraction (repulsion) by its initial point on a closed surface and
the evolution time along an orbit.

Lemma 2.2 (Labeling Lemma). Consider the dynamical system Eq. (1)
with f(x) € C'(D). £ C D is a simple closed C' manifold of
dimension n — 1 enclosing the origin and f (x) - n  (x) # 0,Vx € X,
where n (x) is the outward normal to X at x. Let ¢(xq, t) be the
flow induced by Eq. (1) with xo = ¢(Xg, 0). Let 2 = Uy x I, where
Iy = ¢(x, (t_(x), t1(x))) C Distheintegral curve that passesx € X
with t_ < ty. Then, Vx € £2, there exist a unique xo(x) € X and
t(x) € (t_(xo), t+(xo)), such that x = ¢(xo(x), t(x)).

Proof. (i) The closed surface X cuts £2 to two disjoint parts §2_
and £2,,1ie, 2 = £2_U X U £2,. For any continuous curve | C §2
that connects x_ € §2_ and x; € 2, there exists one point xy € [
that lies on X since X is closed.

(ii) Any integral curve in £2 intersects X' exactly once.

According to the definition of 2, all the points in §2 lie on the
integral curves that cross X. So, every integral curve intersects X
at least once. Suppose 3x; € X, so that I, intersects X more than
once. Without loss of generality, we choose t; # 0 with |t;| being
the smallest to represent the immediate neighboring intersection
intime. As f - n, # 0, I, must cross X' with an angle other than
zero, and thus f (x;) - ny (x1) and f (¢ (x1, t1)) - n (¢ (x1, t1)) must
have opposite signs, indicating the inward and outward movement
of the trajectory. However, f (x) - ny (x) is a continuous function of
X on any continuous curve y C X that connects x; and ¢ (X1, t1).
Therefore, 3x, € y such thatf - ny[x—x, = 0, in contradiction to
our assumption. So, the assertion at the beginning is proved.

(iii) L, N Ly = ¥ whenever x # X'.

If this is not the case, then I, U [y C £2 will merge into one

integral curve intersecting X at least twice, which contradicts (ii).

(V) Vx; € X, ty, 8y € (t-(x1), t4(x1)), if t # o, then p(xq, t1) #
P (x1, t).

Otherwise, Iy, would be a periodic orbit and transversely
intersect X at least twice, which is a contradiction to (ii).

(v)So,Vx € £2 and x # 0, from the definition of £2, x € I, for some
Xo € X.According to (iii), xo is unique. Also, 3t (x) € (t_(x), ty(x)),
such that x = ¢ (xo(x), t(x)). According to (iv), t(x) is unique. We
proved the lemma. O

Remark. The above proof remains valid even if t_(x) = —oo or
ty(x) = 400, which is usually the case if the whole basin of
attraction is enclosed in the domain D. On the other hand, if D
includes only part of the basin or the integration time is limited
by appearance of singularity or other factors, t_(x) or t; (x) could
be finite.

We are now ready to prove a linearization theorem for a flow in
the basin of attraction of a stable equilibrium.

Theorem 2.3 (Autonomous Flow Linearization). Consider the sys-
tem (1) with v(x) € C?(D). Assume that A is a n x n Hurwitz
matrix, i.e., all its eigenvalues have negative real parts. So, x = 0 is
exponentially stable and let §2 be its basin of attraction. Then 3h(x) €
CY(2): 2 — R such that y = a(x) = x + h(x) is a C' diffeomor-
phism with Da(0) = I in §2 and satisfies y = Ay.

Proof. (i) A is a Hurwitz matrix, so for any positive definite sym-
metric matrix Q, the Lyapunov equation

PA+A"P = —Q
has a unique solution P that is positive definite and symmetric as
well [26].

(ii) According to Hartman’s theorem, there exists a C! diffeomor-
phism y(x) = x + h(x) in a neighborhood .#; of x = 0, such that

i)
and —"2 0,
[l

(iii) v(x) ~ O(x?) implies that ||v(x)|, / llx|; — 0, whenx — 0,
ie,Vy > 0,3r > 0, such that [[v(X)|], < ¥ |x|l, whenever
Ix]l, < r.The inner product between the velocity field x and the

normal n, (x) = 2Px to the level surface of the Lyapunov function
V(x) = xT Px determines the change of V (x) with time,

V(x) = (Ax+ v(x))" - 2Px = x" (ATP + PAT)x + 20" Px
= —x"Qx + 2v"Px.

y=Ay, x— 0.

But XQx > Amin(Q) [|X||3, where Apin(Q) > O is the smallest

eigenvalue of the positive definite symmetric matrix Q, and

20"Px < 2[vlly IPxlly < 2y Xl 1Pl DXl VXl < 1. (7)

Therefore

V(X) < —Amin XI5 + 2y [IP]l; Ix12

= —(hmin — 27 [IP112) lIx1]5 .
Choosing ¥y < Amin(Q)/2||P||, ensures that V(x) is negative for
x #0.
(iv) We may further restrict r so that not only the above inequality
(7) but also the constraint {x : ||x|, < r}U{x:x'Px=r1} C .%
holds. In .41, the inverse of the diffeomorphism y(x) = x + h(x) is

defined as x(y) = y + l~<(y). The dynamical equation x = f(x) =
Ax + v(x) transforms to

. oh
y= (I + ) (Ax 4+ v(x)),
0x

and the closed surface X defined by x" Px = r maps to the closed
surface X’ in the y-space defined by
V'(y) = 0+ k@)'Py + k) =1

which has a normal n’, = 2(I + %)TPQ/ + k). So, we have

Vi) =n| -y=20+k'P (1 + ak) (1 + ah) (AX + v(x))
ay ax

= 2x"P(Ax + v(x)) = V(x) < 0,
since (I + 3—’;) aI+ 3—2) =1

(v) Suppose that ¢(xq, t) is the flow induced in x-space by x =
Ax + v(x) and ¢’ (yp, t) is the flow in y-space induced by y = Ay.
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Note that in both spaces any integral curve apart from the ori-
gin transversely crosses the closed surface X and X’. According to
Lemma 2.2, for any x € £2\ 0, there exist unique xo(x) € X, t(x) €
R, such that

X = (x(x), t(x)).
Similarly, Vy € £2"\0, there exist unique yo(y) € X’, t'(y) such that

y=¢'Go), 'y).

Now, it is possible to build a diffeomorphism between §2 and £2’.
According to Hartman'’s theorem, this can be done in some neigh-
borhoods of the origin that enclose the surface ¥ and X’. In the
large, forany x € 2 \ 0, let

y=ax) = ¢'Fo), t(x)),

where o (x) = xo(x) + h(xo(x)). Inversely, for any y € £2’ \ 0, we
may find

x=by) =¢E ), '),

where X, (y) = yo)+k(yo(¥)).As @', ¢, Xo, Vo, t, t’ areall C! func-
tions of their argument according to Lemma 2.1, the map ais a C!
diffeomorphism. It is now easy to see that the commutation rela-
tionship

aop(x,t) =¢'(ax), ) = ax)
holds in the whole basin of attraction. Moreover, in the neighbor-

hood .#; of the originx = 0,a(x) = x + h, therefore, Da(0) = I.
This proves the theorem. O

Remark. The map h(x) that defines the above diffeomorphism
could be obtained by solving

dx

@ =Ax+v(x),

dh

n =Ah — v(x), (8)

where h|yx = I~1|;. Itis easy to see thatd(x+h)/dt = A-(x+h) and
the value h(x) for x ¢ X is defined by the flow along the integral
curve passing x. In other words, a(x) = x + h(x) satisfies

a(¢(x, 1)) = exp(At)a(x)

and thus a is an eigenmapping of the Koopman operator of (1) for
the associated eigenmatrix A.

Remark. From the above proof, it is easy to see that if a system
is locally linearizable, the linearization could be extended to a
larger open region if every orbit in this region has a one to one
correspondence with a local orbit. Specifically, if we could initially
linearize the stable system in Theorem 2.3 in the neighborhood
of a simple closed smooth surface enclosing the equilibrium, the
linearization can then be extended to the whole basin of attraction
with the equilibrium possibly excluded since no integral curve
connects it to the surface. Such a linearization generally does
not match the one prescribed by Hartman’s theorem and hence
Da(0) = I does not hold. In [22] the authors provide a global
aymptotic exponential stability that does not necessarily match
the spectrum at the origin, using nontrivial results from differential
topology, such as cobordism theory.

Corollary 2.1. If all the eigenvalues of the matrix A in the above
theorem have positive real parts, we may apply Theorem 2.3 to the
time reversed system x = —Ax — v(x) and conclude that the original
system is linearizable by a diffeomorphism in the basin of attraction
of the time reversed system.

Corollary 2.2. For a general dynamical system x = f(x), where
f(x) € C?R"M), Theorem 2.3 and Corollary 2.1 may be applied
to the flows in a positively (negatively) invariant region that is

homeomorphic to an open set of R™ with m < n on the stable
manifold and the unstable manifold of a stationary point.

2.3. Linearization of diffeomorphisms

Lemma 2.3 (Partition of Invariant Set). Consider a C' homeomor-
phism xp+1 = f(xy), m € Z defined on an open subset D of R"
that contains the origin x = 0 where f(0) = 0. Let ¥_ be an
open set homeomorphic to a ball B, and contain the origin with its
surface X being a C' manifold. We define the complement ¥, =
D\ {X¥ U X_}. For each integer m € Z, define X™ = f™(X). Let
X" and X be defined similarly to X and X_. Suppose that for any
open neighborhood .+ of the origin, 3m € Z such that ¥™ C .#.
IfD = UpezXmand ' N X° = ¢, thenVx € Dand x # 0,3
unique m(x) € Z, xo(x) € §2o such that x = f™® (xo(x)), where £2¢
= {x : xis between X and X", including X' but not X}.

Proof. For each m € Z, D is partitioned into three disjoint parts,
D = X7U X™U X" with the origin 0 € XY™ As f(x) is a
homeomorphism, all £™ is homeomorphic to a sphere S"~! and
all ™ is homeomorphic to an open ball B". Since °N X' = ¢
(assumption), without loss of generality, we assume X' C X_.If
this is not the case, then ¥ C X!, we may switch the role of X
and X! and consider the inverse map f~!.

(HwecaimXNX!'=¢yand X c -

Ifdx e ¥ N X! thenf(x) € X' N ¥, in contradiction to the
assumption ' N 2% = . Thus, N 2~ = 7.

Take one pointx € ¥~ ¢ ¥_U X,,since X N X! = 0.
Ifx € X_, take a continuous curve y C X_ connecting x and 0.
Then f(y) must intersect X' C X_ since f(0) = 0 and f(x) € X.
So, we may pick up a pointy € y C X¥_ and f(y) € X! But
this is impossible since f~'(X¥!) = ¥ andy ¢ X. Therefore,
»~'NX_ = @.Weconcludethat ¥~! ¢ ¥, andthus ¥_ C ¥,

Similarly, we can prove Vm € Z, X" N 2™ ' = {4 and

™ ¢ x™ 1 Accordingly, we may define disjoint sets £2, =
™\ ™1 Vm e Z. Note that this definition is consistent with
the definition of £2y in the theorem.
(2)VX € 2 = X™\ ™1 we have f(x) € Z™1\ ™2 thus
f(x) € 2m41.Viceversa,Vx € 2.1, thenf~1(x) € £2,,. Thus £2,, is
homeomorphic to §2,,, 1 under the homomorphism f (x). Generally,
m = fm(QO)-

According to the assumption in the theorem, for any neighbor-

hood .+ containing the origin,3m € Z, X™ C .#.So, 2, € ..
Therefore, D = Uy,ez 2 U {Xx = 0} since D = Uy ™.
(3)From (1) and (2), we conclude that D is partitioned into disjoint
sets x = 0 and £2,,;’s defined by the homeomorphism f (x). Vx #
0,x € D, we may find a unique m € Z such that x € £2,.
Define m(x) = m and xo(x) = f~"(x), then xo(x) € £y and
X =f""(xx). O

Theorem 2.4 (Linearization of Diffeomorphisms). Consider a diffeo-
morphism X1 = f (Xm) = AXpn+v(xp) defined on R", where v(x) ~
0(|x|?) is C? differentiable and A is an n x n matrix with magnitude
of all eigenvalues smaller than 1, then in the basin of attraction D of
the origin x = 0, there exists a diffeomorphismy = a(x) = x + h(x)
with Da(0) = I which transforms the original map f (x) to a linear
one ym+1 = Aym.

Proof. (1)For matrix A whose eigenvalues have magnitude smaller
than 1, there exists a matrix B, such that

ef=A

and all the eigenvalues of B have negative real parts, i.e. B is a
Hurwitz matrix. As mentioned above, for any positive definite
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symmetric matrix Q, the Lyapunov equation
PB+B'P = —Q

has a unique solution P which is positive definite and symmetric
as well.

(2) Consider the following dynamical system
Z = Bz,

the solution of which could be written as z(t) = ef'zy. Takingt = 1
defines a linear map

z1 = z(1) = ePzy = Az,.

On the other hand, let’s estimate

dz"pz

= Z"(PB+B'P)z = —2"Qz < —az"Pz,
where ¢ = Apin(Q)/Amax(P) > 0. According to Gronwall’s
inequality

z(t)"Pz(t) < zhPzge™.
Taking t = 1 results in

T T —a T AT T —a
z1Pzy < zyPzge™, or zyA PAzy < zyPzpe ™.

(3)Since |[lv(x)|l, / lx|l, = Owhenx — 0,V y > 0,3r > 0, such
that [v(x)|l, < ¥ |IXll,, for ||x]|, < r. Now consider

X;+1PX,"+1 = (Axy + U(xm))TP(Axm + v(Xm))
= x) A" PAXp + 2, ATPU + v Py
X5 Pxme™® + v" (Pv + 2PAxy,).

A

But XT Pxin > Amin(P) [|xm |3, and for |[xmll, < T
V' (Pv + 2PAXy) < ¥ [1Xmlly (7 P13 Xl

+2IPll2 1Al 1xmll2)
v Ixnll3 IPlly (v + 2 I1All).

A

As a result
Xpy 1 PXmy1 — X[ Pxm
< X" Pxpm(e™ — 1) + v" (PV + 2PAx,,)
< —(1= e Dmin(P) x5 + ¥ X ll3 IP]l (v + 2 1All)
< — x%mll3 [(1 = e Amin(P) — ¥ IP[l, (v + 2 [|All2)].
If we choose
y < (@ —e ) Amn(P)/[IPlly (1+ 2[All2),
then x| Pxmy1 < X}, P

A

(4) According to Hartman’s Theorem for maps, there exists a C!
diffeomorphism y(x) = x + h(x) in a neighborhood .#; of x = 0,
such that

o],
Il

Assume that its inverse is x(y) = y + l~<(y).

(5) The above r could be chosen to further satisfy

x:lxll, <rfuzux!c.m,

where ¥ = {x : (Ax+ v(x))"P(Ax + v(x)) = r?} is a simple closed
surface enclosing the origin x = 0 and X! = {x : x"Px = r?} isits
image under the map f (x).

Vz e X' = f(¥),3x € ¥, such that z = f(x) and according
to(3),

2TPz < x"Px = r?,

y=Ay and -0, x—0.

s0,X'Nx =9,
and X! ¢ X_, where we have used the notations in Lemma 2.3.
Under the diffeomorphism y(x) = x + Fz(x) in .#1, X corresponds

to a surface X’ in the y-space and X' to X’1. Also,
nxt=9, 3'cx.

(6) According to Lemma 2.3, Vx € D, 3 unique xo(x) € $£2p and
m(x) € Z,such thatx = f™® (x,(x)), where £2;, i € Z is defined as
in Lemma 2.3. Similarly, Yy € D', 3 unique yo(y) € £2’° and m'(y),
such that y = A™ Wy, (y). Utilizing h, k, it is now possible to build
a one-to-one correspondence between D and D'. For any x € D,
we have the corresponding y = a(x) = A™®7j,(x), where y,(x) =
Xo(X)+h(xo(x)). The inverse mapisx = b(y) = f™ ¥ (% (y)), where
Xo(¥) = yo(¥) + k(o). f, k, h, Xo, Jo are all C'-functions of their
arguments. Forx € D\ (Ugen %), ¥ € D'\ (Ugen X%, the functions
m(x), m'(y) are also C!-functions, in this case the maps b(y), a(x)
are C'-differentiable. In another word, the basin of attractions are
partitioned into shells which are the open domains between X
and X*+1 (or between X’* and X’**1in the y-space) and we proved
that the above constructed maps are diffeomorphisms within the
shells.

However, across the shell boundaries {Z*, ¥’¥}cy, the func-
tions m, m’ jump since they only take discrete integer values. Next,
we argue that the maps b(y), a(x) are still C!-differentiable even
at these boundaries. For this purpose, a new partition is taken in
both the x- and the y-space such that each of the old boundaries
does not intersect the new boundaries. It can be proven that the
resulting new map between x and y is identical to the old one
based on our constructing procedure if we start with the same
Hartman-Grobman map in the local neighborhood of the fixed
point. As the old boundaries appear within individual new shells,
the maps a(x), b(y) are actually C! at these old boundaries
according to the conclusion reached above whereas based on
the new partition. Therefore, the correspondence maps are C'-
diffeomorphosims and the commutation relation

aof™x) =A"a(x)

holds in the whole basin of attraction. In .41, a(x) = x + ﬁ(x), we
have Da(0) = I. This proves the theorem. O

Remark. The transformation h(x) may be obtained by solving the
set

Xmt1 = AXm + v(Xm)
hmi1 = Ahy — v(xp),

with the boundary condition hlycx_ = ﬁ(x), since it is easy to see
that (x + h)mtr1 = A(x + h)p.

Remark. A very similar method has been used to prove the Hart-
man-Grobman theorem in [27]. However, there the linearization
map is only proved to be a homeomorphism.

Corollary 2.3. In Theorem 2.4, if all the eigenvalues of the matrix A
have a magnitude greater than 1, we may apply the theorem to the
inverse map f ~!(x) and obtain the conclusion that f (x) is linearizable
in the basin of attraction of f~'(x) through a diffeomorphism y =
a(x) with Da(0) = I.

Corollary 2.4. Theorem 2.4 and Corollary 2.3 may be applied to a dif-
feomorphism restricted to a properly chosen region (see Corollary 2.2)
on the stable or unstable manifold of a fixed point.

2.4. Linearization of time-dependent flow

Theorem 2.5 (Linearization for Periodic Flows). Consider a 2m-
periodic system

x=fxt) =AM)x+ v(x,t), (9)

where v(x, t) ~ O0(x?) is a C2-function. If the corresponding linear
system y = A(t)y is stable, then x = 0 is stable and Eq. (9) is
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linearizable in its basin of attraction to y = A(t)y by a C'-
diffeomorphismy = a(x, t) = x + h(x, t) with Dya(0, 0) = I.

Proof. (i) According to Floquet's theory, the solution of the linear
system y = A(t)y can be written as

y(t) = P()e™y(0),

where P(t) = P(t + 2m) is a C'-matrix with P(0) = I.Bis a
constant matrix which determines the stability of the system. As
the origin is stable, all eigenvalues of B have negative real parts.

(ii) Define a linear map by the 2z -time evolution of the linear
system:

Yme1 = Py (10)
The corresponding 27 -period map of Eq. (9) could be written as
Xmp1 = & (Xm) = € X + W (Xn),

where w(x) ~ 0(x?) is a C2-function. Obviously, the origin x,, = 0
is a stable fixed point and its basin of attraction §2 coincides with
that of Eq. (9). The map g(x,,) is actually a C?-diffeomorphism
defined on R" since it is induced by the ODE flow ¢(x, t). More
generally, the flow depends also on the initial time and has to be
denoted as @ (x, t, tp). Here we use the simplified notation with
the understanding t; = 0. According to Theorem 2.4, there exists a
C!-diffeomorphism y(x) = x + fl(x) defined on £2, such that g (x,,,)
is linearized into Eq. (10). We denote the inverse diffeomorphism
asx(y) =y—+ I~<(y). In the y-space, we denote the flow induced by
y = A(t)y as ¢’ (y, t) and the corresponding basin of attraction of
the stable fixed point y = 0 is denoted as 2’ C R".

(iii) Consider the extended phase space R" x S!, where S' repre-
sents a circle of length 27 parameterizing the time variable. It is
possible to build a diffeomorphism between 2 x S! and 2’ x S!
as follows.

First, according to (ii), we know that such a diffeomorphism ex-
ists between the section Xy = {(x,0) : x € 2} and X; = {(y, 0) :
y € £2'}. More generally,

V(x,t) € 2 xS, t € (—2m, 0], 3unique xo(x) € Xy, such that,
X = ¢(x0(x), t).

The corresponding point in £’ x S' is
y=akxt) =¢'Go®), 1),

where yio(x) = Xo(x) + h(Xo(x)).

Inversely, V (y, t') € 2’ x S!,t' € (=2, 0], 3 unique yo(¥) €
X such thaty = ¢’ (yo(y), t').

The corresponding point in £ x S is

X = b(V, t/) = ¢()‘20(y)7 t/)7

where Xo(y) = yo(y) + k(o). Fort = =27,y = ¢/(yo, —27) =
e~2"By, corresponds to x = ¢(xg, —2m) = g~ '(xp), the same as

that determined by the diffeomorphism y(x) = x+ h(x). Therefore,
in view of the 27 -periodicity, the diffeomorphism (a(x, t), I(t)) :
x,t) = (y(x,t), t") defined by (see Fig. 1)

I(t)y =t
y(x,t)

t'=t,

t=t,

a(x, t) = P(t)eP'e ™" Ba(g™(@ (x, —t, 1))
= P()ePa(d(x, —t, t)) = P(t)eP'y(0), Ymez (11)

where e ™7Bq(g™(® (x, —t, 1)) = a(P(x, —t, t)) holds because
g and 28 commute, holds for all time t and coincide with x + h(x)
on the section Xy. We may write it as

a(x,t) = x4+ h(x, t),
where h(x, t) = h(x,t +2m) and D,a(0,0) =1. O

Fig. 1. Extension of the domain of definition of the map a(x, t) to the whole basin of
attraction as analytically shownin Eq.(11), based on periodicity and commutativity.

Remark. We can use
x=A(t)x + v(x, t)
h=A(t)h — v(x, t) withh|o)ez, = h(x)

to determine the transformation h(x, t). From Floquet theory [28]
we know that a time-dependent transformation Py = x leads to

y = By,

where Bis a time-independent matrix. Let V be such that V"BV =
A, where A is a diagonal matrix. Then by setting

z=Vly=v"1pl,

and suspending the system as x = A(s)x, § = 1, we obtain z(s, X)
as Koopman eigenfunctions of the suspended system. These Koop-
man eigenfunctions are associated with the Floquet exponents.

Corollary 2.5. The theorem can easily be extended to the unstable
equilibrium of a time periodic system.

Corollary 2.6. Theorem 2.5 and Corollary 2.5 can be applied to the
flow on a properly chosen region (see Corollary 2.2) of the stable or
unstable manifold of a stationary point of a time-periodic system.

2.5. Linearization around a periodic orbit

Theorem 2.6 (Linearization for Periodic Orbit). Suppose that in (1),
v(x) € C%(D), and the system has a stable periodic orbit y with the
period T. Then, in the basin of attraction §2 of y, the system (1) is
conjugate to a time-periodic linear flow y = A(t)y, where A(t) is the
velocity gradient matrix in the transverse direction along y (defined
below) with A(t + 2m) = A(t),y € R L,

Proof. Without loss of generality, assume that the period of y is
T = 2x (this can always be achieved by a rescaling of time).

(1) The stability matrix J of the periodic orbit y is obtained through
integration of the following equation

d
e
along the periodic orbit, where E = Df(x). Because y is stable,
all eigenvalues of J except the leading one have a magnitude
smaller than 1. The leading eigenvalue assumes the value of 1,
corresponding to translation along the flow direction. As v(x) €
C2%(D), it is possible to build a C?-coordinate system in a small
neighborhood .#* C D of y contained in its basin of attraction,

E

s = s(x), z =2z(x),

where s € R is a periodic coordinate in the longitudinal direction
and z € R"! (the transverse direction coordinate) being zero on
y, such that Eq. (1) transforms to
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z2=2g(z,5s), (12)

where s(0) = s(2m) indicates the 27 period and g(z, s) = g(z, s+
27) has continuous second derivatives [29,30].

(2) In the second equation of Eq. (12), there is no explicit time
dependence. However if we identify s with t, a time periodic
system

z=2g(z,t) (13)

is obtained. In the new coordinate system, z = 0 is a stable
equilibrium of Eq. (13), its stability inherited from y. According to
Theorem 2.5, Eq. (13) is conjugate to

y =A@y, (14)

where A(t) = Dgl,—o,A(t + 2n) = A(t) bya Cl-mapy =
b(z, t). Hence, in .#, Eq. (1) is conjugate to Eq. (14) through a
diffeomorphism a(x) : x — (s(x), z(x)) — (t(x), b(z(x))).

(3) This diffeomorphism can be easily extended to £2.

Take a section ¥ = {x x € A,5(x) = 0} of 1,
which corresponds to the section X’ in the (t, y)-space by the
diffeomorphism a(x). Vx € £2, we build a reversible mapping as
follows:
if x € ¢, then the corresponding point is (t, y) = a(x);
if x & .+, the orbit passing x will eventually intersect X' since y is
stable. The corresponding point is then (—t, y) = (—t, ¢'(yo, —t)),
where ¢’(y, t) is the flow defined by Eq. (14) and (0,yo) =
a(xo), Xo being the first intersection with X of the orbit passing x
and t being the traveling time from x to the intersection.

We may define the inverse mapping in a similar way. In this
manner, the conjugacy is extended to the whole 2. We write it
as (t,y) = a(x). Note that in Eq. (14), we may identify t with
t 4+ 2 since it is a 2-periodic system. When this is done a(x)
is a diffeomorphism. O

s§=1,

Remark. The conjugacy defined in Theorem 2.6 provides a con-
venient cyclic coordinate system in the basin of attraction of a
periodic orbit. The usual construction of coordinate system along
the cycle is only valid locally. The functions exp(i2wns(x)) are
Koopman operator eigenfunctions associated with eigenvalues
exp(i2zrn). Additional Koopman operator eigenfunctions can be
obtained by following our Remark after Theorem 2.5, and replacing
t with s.

Corollary 2.7. If y is unstable, we have similar conjugacy in the basin
of attraction for the time-reversed system.

Corollary 2.8. Theorem 2.6 and Corollary 2.7 can also be applied to
the flow in a properly chosen region (see Corollary 2.2) of the stable or
the unstable manifold of a periodic orbit.

3. Several examples

In this section, we will linearize several most studied ODEs
around equilibria or limit cycles. If the exact solution is available,
the linearization is also exact in the whole basin of attraction. For
systems with no exact solutions available, we have to resort to
analytical approximation or numerical integration to produce an
approximate linearization.

As in general we do not know the explicit functional form of
the local linearization prescribed by the Hartman Theorem, the
previous theorems could not be directly applied. Based on the
Remark after Theorem 2.3, an alternative procedure is designed
which identifies points on a closed curve in the original and the
linearized phase space and then determines the linearization map
in the whole basin of attraction according to the flows in the two
spaces. So, the linearization maps obtained may not match exactly
Hartman'’s prescription. Especially, the result Da = I does not hold
at the equilibrium but does hold on the closed curve we selected.

3.1. One-dimensional model

Let’s consider the following one-dimensional system defined on
the real line,

X=x—x, (15)

which has two stable equilibria x = +1 and one unstable point
x = 0. The solution of Eq. (15) can be written explicitly as

Xo
\/(1 — x5)e~2(t—10) 4 x2

where xo = x(tp). According to Theorem 2.3, and Corollary 2.1,
we may derive three qualitatively different linearizations around
these equilibria.

x(t) = (16)

(1) Linearization around x = 0: the linearized dynamicsisy = y
and its solution is y = yq exp(t — tp). If x is identified with y near
the origin, i.e.,

r=xo=yy=ye "

for a given 0 < r? < 1, a mapping between the repelling region
{x : x € (—1, 1)} and the y-space can be established:

x=by) = — (17)

Jirr-n

for all y € R. The mapping is not unique since for different
r, we have different maps. Note that db(y)/dyly—o = 1 does
not hold as we explained previously but becomes a better and
better approximation when r? is decreasing. In fact, it is possible
to set r = 0 in Eq. (17) which then becomes the map implied
in the Hartman-Grobman theorem. In that case, the linearizing
transformation y = x/(1 — x?)/? is the Koopman eigenfunction
with eigenvalue 1, as is easily checked by verifying y = y. With
y — 00, x — *1.The inverse map could be obtained by solving
Eq.(17) for y in terms of x or use Eq. (8).

(2) Linearization around x = 1: if we make the choice that the

linearized dynamics has the form y = —2(y — 1) and identify x
withynearx =y = 1,i.e.,

r=xg—1=yo—1=(y— 1)e 20,

where r? « 1, the linearization map could be written as
_ 1+r

VA —-n0+2)

which has the property thatx — 0 wheny — —oco and x — o0
wheny — 14 (14 1r)?/(r +2).y = 1 always corresponds to
x = 1. What is interesting in Eq. (18) is that the map is not defined
for ally € R but terminated aty = 1+ (1 + r)?/(r + 2), which
is ascribed to the blowup of the solution of Eq. (15) in the x > 1
region in finite time while the exponential function prescribed by
the linearized equation is always finite for finite times.

X =Db(y)

(18)

(3) Around x = —1, the linearization transformation is similar
—1+r
VET+HD? o+ D@ -0

which approaches —ocoaty = —1— (—1471)?/(2 —r), due to the
reason as explained above.

x=Dby) = (19)

3.2. A 2-dimensional flow with one unstable equilibrium

This example is taken from the textbook by Lawrence Perko [31]
i] = 221
Zy =4z, + 722, (20)
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which can be solved exactly
Z1 = Z]0€2t
Zy = 220€4t +Z]20f€4t, (21)

where z19, 259 are initial positions. Note that there is a secular
term in the second equation of (21), which brings complication
to the linearization of Eq. (20) into the target linear system y; =
2y1.¥2 = 4y, which has a general solution y; = yq0%,y; =
V0. Just as in the previous example, in order to build up the
linearization map we may impose (10, ¥20) = (Z10,220) on the
small circles z2, + z3, = r? and y3, + y5, = r? withr < 1. From
these, we may compute the time needed to reach (yq, y,) from the
small circle in y-space.

1 1 /y1\2 1 [/y1\4 y2\?
o= (3 3 ). e
1,¥2) i <2 =) oy (7)) 4% (22)
and the linearization map is
21 =M1

Z =Yy + t(1, Y2)y3. (23)

Note that the map is not analytic at the origin because of the
logarithmic function in t(yq, y;). One interesting observation is
that the function t(y1, y») can be chosen as

1
(@1 y2) = Iny7, (24)

so that Eq. (23) becomes a C! transformation dictated by the
Hartman-Grobman theorem. Eq. (24) can be obtained from (22)
by taking r to zero and neglecting the constant but divergent
term In(1/r?). It is again interesting to note the connection with
Koopman operator eigenfunctions: f; = y; andf, = y» —|—y§ lny§/4
are Koopman eigenfunctions at eigenvalues 2 and 4, respectively,
as is easily verifiable by a direct computation. In fact, Eq. (20) could
not be linearized by an entire function in the neighborhood of
the origin as suggested by the normal form theory [14,32] since a
resonance term exists in the second equation of Eq. (20). However,
our scheme shows that it is possible to linearize it with a function
thatis C'.

3.3. Rayleigh equation

The Rayleigh equation describes nonlinear systems with
one degree of freedom which admit self-sustained oscillations,
introduced by Rayleigh in the acoustics study. It finds applications
in a wide variety of natural and engineering systems. The Rayleigh
equation is

d*y dy 1 [dy\’

— = — ——| = , 25
dt? +y 6(dt 3<dt> (25)
where € > 0 describes the amplitude of the linear dissipation

and nonlinear agitation. It can be written as a two-component
dynamical system

y=x

. 14

X=—-y+e¢ X_§X . (26)
Based on the dominant linear part, we make the following trans-

formation

y =Asin(t + ¢)
x = Acos(t + ¢), (27)

which renders the following set of equations

dp € _A2 . 1,
*- 3 |:(] E) sin(2t + 2¢) EA sin(4t + 4¢):|

dh _ Al A (A cos(2t + 2¢)
a _ Al A Mo
i - 2 3

AZ
-3 cos(4t + 4¢)}. (28)

So, ¢ and A change slowly with time, reflecting the smallness of
the e-perturbation. After averaging with respect to the fast time
[14,33], we obtain for the averaged variable ¢ and A

i
@ _

dt

dA B €A . A? (29)
) 4 )

which can be conveniently solved as

¢ = o

- 1

A= AO/\/e—“ + Z/\3(1 — e, (30)

where Ag = ,/x3 + y3 and ¢y = tan~!y,/x, are the initial phase
and amplitude, respectively. Whent — oo, A — 2. To the order
of €, Eq. (28) has a general solution

€ A?
¢ = ¢o+ 2 1— 5 (cos(2t + 2¢pg) — cos 2¢p)

A2
— i(cos(4t + 4¢po) — cos 4¢0)]

- €A A%\ .
A=A+ 1 |:(1 — 3) (sin(2t 4 2¢pg) — sin 2¢p)

22
— %(sin(4t + 4¢g) — sin 4¢0):|. 31

So, in view of Eq. (27), the asymptotic trajectory is a limit cycle of
radius around 2 for small €. Below, we provide an approximation
to the linearization conjugacy for Eq. (26) around the origin and
around the limit cycle.

(I) The linearized equation around the origin is

y=x
X=—y+ex, (32)

which, to the order of €, has a general solution
€
x = ect/? (xo cost — (yo - Exo) sin t)

y = et/? (yo cost + (xo - %yo) sin t) , (33)

where (xg, yo) is the initial position. The inverse transformation is
obtained from Eq. (33) by making the substitution t — —t,x <
X0,y <> Yo. Along the solution curve of Eq. (32), the function
I = x> + y*> — exy satisfies dI/dt = el which has a solution
I(t) = Ipexp(et). If we identify the points in the phase spaces of
Eq. (26) and of Eq. (32) on the small ellipse defined by

X5+ yg — exoyo = 8, (34)

where § « 1 indicates the size of the ellipse, then to a general
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Fig. 2. Comparison of the evolution of closed smooth curves in the neighborhood of the equilibrium (a) and of the stable limit cycle (b), by directly evolving the Rayleigh
equation (26) (solid lines) or mapping the trajectories of its linearizations (using approximations described in the text) Eqs. (32) and (37), Eq. (39) (dashed lines).

point (x, y) in the phase space of Eq. (32), there corresponds a point
(o0, Yo) on the curve (34) which takes time
1 X2 +y*—exy
t=—-In————- 35
c 52 (35)
toreach (x, y). According to Egs. (30) and (33), for an arbitrary point
(x, y) in the phase space of Eq. (32), after determining (xo, yo), we
can identify the corresponding A, ¢, in the phase space of Eq. (26)
as follows

X +y? —exy + exycos2t + S(y* — x?) sin 2t
T 1+ %(1 — ) (x2 +y2 — exy 4 €xy cos 2t + $(y* — x2) sin 2t)

A2

cost + (Sy — x)sint
tango = (5y—%)

(36)

xcost+ (y— £x)sint’

where t is given by Eq. (35). Using Eq. (36) together with Eq. (31)
and Eq. (27), we may locate the point in the phase space of Eq. (26)
that corresponds to the point (x, y) in the phase space of Eq. (32).
This map is shown in Fig. 2(a) with parameter ¢ = 0.1. We have
identified the ellipses defined by Eq. (34) in the phase space of the
Rayleigh equation (26) with a similar ellipse in the phase space of
its linearization. The initial ellipse is evolved and plotted for six
consecutive steps with time interval t = 15 between plots. As seen
in the Fig. 2(a), the curves corresponding to the original Rayleigh
equation (solid lines) match extremely well with those derived
from the approximate linearization conjugacy (dashed lines).

(II) Next, we pursue the approximate linearization around the
stable limit cycle. In view of Egs. (27), (30) and (31), ¢, A could be
conveniently identified as a set of generalized coordinates around
the limit cycle where ¢ describes the longitudinal motion and A the
transversal. Linearization of the A equation in Eq. (29) leads to

B= —e(B—2), (37)

which has a solution

B=2+ (By —2)e .

Just as in the first example, the map
2(249)

J@+8@2-B) +2+8)?

where we set Ag — 2 = By — 2 = § with |§] <« 1, will linearize
the A equation and maps a point in the phase space of Eq. (37) to its
conjugate. Note thatwhenB = 2,A = 2andwhenB - —00, A —
0. Also, the map is only valid for B < 2 + (2 4+ 8)?/(4 + §) for the
similar reason as explained in the first example. Together with the
cyclic coordinate equation

A= (38)

§=1, withseS! (39)

Eq. (37) is a linearized version of Eq. (29) and thus of Eq. (26),
with the help of the transformation equations (27) and (31). The
mapping in the angular direction is simply

¢ L 40
p=go=5—_In_——. (40)
where the second term on the right hand side prescribes the time
needed to reach B from the initial §-circle. If we treat (B, s) as the
polar coordinates of certain plane P;, Egs. (38) and (40) give the
coordinate transformation from (B, s) to (A, ¢), and then to (x, y)
by Egs. (27) and (31). It is convenient to visualize the mapping as
shown in Fig. 2(b), which is constructed similar to Fig. 2(a) but with
the initial curve in the neighborhood of the limit cycle. The time
interval between neighboring curves is t = —8 inside the cycle
and t = —4 outside. The inside parts of two evolutions continue to
match well while large deviations can be observed on the outside
parts, where the nonlinear terms in Eq. (26) quickly increase which
soon renders our approximation solution invalid.

3.4. Duffing equation with spiral centers

In this section, we consider the Duffing equation

¥4+ax—Bx+x =0, (41)

which takes into account the friction and the higher-order non-
harmonic force in a mechanical system. In a state space represen-
tation, it can be rewritten as

xX=y
y=px—x>—ay. (42)

For B > 0, there are three equilibria: (£4/B, 0), (0, 0). If in addi-
tion &« > 0, the first two are two sinks and the origin is a saddle.
We could take a similar approach as in the previous example and
obtain approximate analytical conjugacy to the linearized system.
However, here a different approach is introduced which combines
analytical and numerical computation in a unified scheme and is
easier to apply to more complex systems. Keeping in mind the the-
orems proved in earlier sections, we choose a basis set of functions
to approximate the linearization mapping around the equilibrium
in an extended region. The projection of the mapping on each ba-
sis function is determined by minimizing the difference between
trajectories of the original nonlinear system and those of their
linearizations.

We implement the scheme in part of the basin of attraction of
the equilibrium (4/B, 0), around which the linearized dynamical
equations are

u=v
v = —2Bu — av. (43)
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Fig. 3. Comparison of one typical orbit (a) and the evolution of a circle (b) in the neighborhood of the equilibrium (4/B, 0), by directly evolving the Duffing equation (42)
(black) or mapping the trajectory of its linearization Eq. (43) (red). (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)

To be specific, below we set 8 = 1, @« = 0.1. For simplicity, we use
a second order map

2
u
_ (1 u a, a; as
f(u,v)—(0)+(v>+(a4 a ae> 111):2) (44)

to approximate the linearization conjugacy. The unknown param-
eters could be determined by the normal form analysis [32] which
is only valid locally. Here, based on the previously proved theo-
rems, the linearization can be extended to a much larger region by
a different approximation which is to be detailed.

Note that the function

1 o
Iw,v)=u’>+ —v>+ —u 45
(u, v) + 25 v+ 25 v (45)
decreases exponentially along the orbit of Eq. (43). As in previous
examples, we may identify with each other the two ellipses

I(ug, vo) = I(xo — 1, yo) = do,

where §y < 1. After integrating Eq. (43) from (ug, vg) and Eq. (42)
from (xg, yo) for a finite time T and utilizing the linearization map
Eq. (44), we construct an error function

N
Err(uo, vo, T) = Y _((x(t), y(t))" — f(u(ty), v(t)))?, (46)
i=1

where N is the total number of integration steps and t;’s are inte-
gration time points with ty = T.The minimization of Err(ug, v, T)
determines the values of a;’s which depend on the starting position
and the integration time. It is not hard to write down a similar er-
ror function with multiple orbits. However, the direct use of ansatz
equation (44) highly constrains the validity of the linearization re-
gion. In depth study reveals that the error mainly originates from
the dynamical phase of the orbits. The equilibrium under investi-
gation is a stable spiral. The radial expansion is slow because of the
smallness of « but the angular rotation is of the order 1. Therefore,
the nonlinear term in Eq. (42) affects mainly the phase of the rota-
tion, which is similar to the secular effect seen in many nonlinear
systems. Furthermore, this influence is non-uniform in the phase
space so that simple quadratic maps are not able to encode such a
phenomenon.

To incorporate this observation, we introduce a phase slip
function

ta(u, v) = a7 + agut + agv + au?® + aguv + apv?, (47)

which makes up for the phase shift due to nonlinearity, and the
configuration adjustment function
a13CoSty —ayqSint, u

13 - a 14 a , (48)
aqs sint, a1 COS tg v

gu,v) = (

which revolves orbits to the correct phase and adjusts their shapes.
Combining Eqs. (44), (47) and (48) results in the final approximate
linearization map

h(u,v) =fogu,v), (49)

with the ansatz equation (49), we used two orbits with initial
condition (ug, v9) = (0.1,0) and (up, v9) = (0, 0.142) in the
phase space of Eq. (43) (thus two orbits for Eq. (42) with the cor-
responding initial conditions determined by Eq. (45)) to construct
the error function, the minimization of which provides the values
of a;'s.

To check the validity of the linearization, we start from (0.05, 0)
and integrate Eq. (43) for a duration t = —45 and the image of the
orbit under h(u, v) is displayed as solid lines in Fig. 3(a), which
agrees well with the corresponding orbit of the Duffing equation
shown as circles. The orbit starts to deviate when approaching the
boundary of the basin of attraction. Fig. 3(b) displays the evolution
of an ellipse under the action of the Duffing equation (solid lines)
and of its linearization mapped by Eq. (49) (dashed lines). The time
gap between neighboring curves is t = —5. The agreement is very
good in the close neighborhood of the equilibrium and towards the
attraction boundary the shape and time dependence on the phase
space location of the Duffing orbit becomes very non-uniform
which could not be captured accurately by simple analytical ansatz
such as h(u, v).

3.5. Lorenz equation—linearization on the unstable manifold

The Lorenz equation is a paradigm for nonlinear studies and has
the form

x=0o(y —Xx)
y=x(p—2) -y
z=xy— Bz, (50)

where o, p are the Prandtl number and the Rayleigh number
respectively, derived from the fluid convection equations. When
o =10, p = 28, 8 = 8/3, Lorenz found that solution of Eq. (50) is
neither stationary nor periodic with an attractor that is a compact
set of non-integer dimension [34]. Below, we assume that these
parameter values are taken.

Eq. (50) has three equilibria

Ex = (VB0 — 1), £V/Blp— 1), p— 1),
Eo = (0,0, 0).

We choose to linearize Eq. (50) around E.. and the linearized equa-
tion is

X=—0X+o0Yy
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Fig. 4. Comparison of one typical orbit (a) and the evolution of a circle (b) on the unstable manifold of the equilibrium E, by directly evolving the Lorenz equation (50)
(black) or mapping the trajectory of its linearization Eq. (52) (red). (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)

y=x—-y—+B(p—1z

z=/plp—Dx+y) — Bz (51)

The eigenvalues of the corresponding stability matrix include
an unstable complex pair and a stable one: AL = 0.0940 +
i10.1945, Ag = —13.9546. The corresponding eigenvector is

vy = (—0.2661 F 0.2950i, 0.0321 3+ 0.5691i, —0.7192)",

vo = (0.8557, —0.3298, —0.3988)".

So E; is a saddle with a 2-d unstable manifold and a 1-d stable
manifold. As stated previously, our linearization scheme can be ap-
plied to the vector field on the unstable manifold. Similar strategy
as employed in the previous example will be adopted. The restric-
tion of Eq. (51) on its unstable plane can be described by a pair of
equations

it =0.0940u — 11.3272v

v =9.1751u + 0.0940 v. (52)

As before, the second order mapping

—0.3593 0.4425 u
fi(u,v) = E4 + ( 0.0434 0.8536> (U>

—0.9709 0

a a a3\ [u?

+ |as as ag uv
a; dag dg v?

is chosen for simplicity, where the linear part maps an orbit of Eq.
(52) to that of Eq. (51). In order to extend the validity region, we
may define the phase slip function similar to Eq. (47) and the con-
figuration adjustment function similar to Eq. (48). The combined
function

hy(u, v) =fog(u,v), (53)

makes the target approximate linearization map, where 19 un-
known parameters {a;}i—1..._19 are determined by the error func-
tion minimization as suggested in the previous example.

Based on the two orbit segments starting from (ug, vo) =
(0.5, 0) and (ug, v9) = (—0.5, 0) and lasting for t = 31, we con-
structed and minimized the error function, and thus determined
parameters {a;}i=1,.19. In Fig. 4(a), the image by h;(u, v) of the
linearized orbit starting with (ug, v9) = (2, 0) and evolving for
t = 30 is depicted with solid line and compared with the corre-
sponding orbit of the Lorenz equation depicted with circles. The
agreement is extremely good near the equilibrium and deteriorate
toward the brim. Still, the discrepancy occurs mainly due to the
secular effects in phase. In Fig. 4(b), we displayed the evolution of a
small circle in the Lorenz system (solid line) and in Eq. (52) mapped
by h;(u, v) (dashed line). The time gap between neighboring curves
is t = 4.3. Just as before, the discrepancy is perceivable when the

curves drift away from E., where they start to deform in an intri-
cate way under the influence of the nonlinear terms.

4. Summary

In this paper, we extended the local linearization of the
Hartman-Grobman theorem to the whole basin of attraction of
a stable equilibrium or limit cycle and connected these results
to the spectral theory of Koopman operators. The linearization
can be applied to both maps and flows. We also used several
most commonly encountered examples to illustrate application
of the theory in different cases. Our results show that the orbit
structure of a nonlinear system in the basin of attraction of a
stable equilibrium or a limit cycle is similar to that of a linear
system. If the attractor of a nonlinear system consists only of
discrete stable equilibria or limit cycles, then the whole phase
space can be partitioned into invariant patches, each being the
basin of attraction of an equilibrium or a limit cycle, such that the
dynamics in each patch is conjugate to a linear one.

The linearization map predicted by our theorem is multi-
variate and hence is hard to represent numerically except for one-
dimensional case. As shown in Section 3, if we resort to analytical
or semi-analytical approximation, we have to either solve the ODEs
exactly or try to find a good basis function to approximate the
linearization. Although our simple choices based on numerical
observation much extended the linearization region, near the
boundary of basin of attraction, they go awry quickly. An effective
way to approximate the linearization map systematically and in a
more automatic manner would be computation of the associated
Koopman eigenfunctions [7,4,35].

The theorems proved in this paper only work for stable equi-
libria and limit cycles, or on appropriately chosen regions of the
stable or unstable manifold of saddles. It should be also possible
to extend the result to a sizable neighborhood of saddles since
Hartman-Grobman theorem is also valid for saddles. The extended
neighborhood is surely not the whole phase space in general since
for example a chaotic system cannot be conjugate to a linear
system. As mentioned in Section 1, a nonlinear flow or map is lin-
earizable in the neighborhood of a normally hyperbolic invariant
manifold, it does not seem hard to extend the current result to en-
large the validity domain of this type of linearization.

Acknowledgments

This work was in part supported by DARPA DSO under
AFOSR contract FA9550-07-C-0024, AFOSR contract FA9550-09-1-
0141, and ARO contract W911NF-11-1-0511. Approved for public
release, distribution unlimited.



Y. Lan, I. Mezic¢ / Physica D 242 (2013) 42-53 53

References

[1] V.I. Arnol'd, Ordinary Differential Equations, Springer, New York, 1992.
[2] R. Mané, S. Levy, Ergodic Theory and Differentiable Dynamics, vol. 258,
Springer-Verlag, Berlin, 1987.
[3] L Mezié, S. Wiggins, A method for visualization of invariant sets of dynamical
systems based on the ergodic partition, Chaos 9 (1) (1999) 213-218.
[4] Z. Levnaji¢, 1. Mezi¢, Ergodic theory and visualization. I. Mesochronic plots for
visualization of ergodic partition and invariant sets, Chaos 20 (2010) 033114.
[5] M. Budisi¢, I. Mezi¢, Geometry of the ergodic quotient reveals coherent
structures in flows, Physica D (2012).
[6] B.O.Koopman, Hamiltonian systems and transformation in Hilbert space, Proc.
Natl. Acad. Sci. USA 17 (5) (1931) 315.
[7] 1. Mezi¢, A. Banaszuk, Comparison of systems with complex behavior, Physica
D 197 (1) (2004) 101-133.
[8] C.C.Pugh, M. Shub, Linearization of normally hyperbolic diffeomorphisms and
flows, Invent. Math. 10 (1970) 187.
[9] J. Palis, F. Takens, Topological equivalence of normally hyperbolic dynamicsl
systems, Topology 16 (1977) 335.
[10] SJ. van Strien, Normal hyperbolicity and linearizability, Invent. Math. 87
(1987) 377.
[11] P. Hartman, A lemma in the theory of structural stability of differential
equations, Proc. Amer. Math. Soc. 11 (1960) 610.
[12] D. Grobman, Homeomorphisms of systems of differential equations, Dokl.
Akad. Nauk SSSR 128 (1959) 880.
[13] S. Sternberg, On local C" contractions of the real line, Duke Math. J. 24 (1957)
97.
[14] V.I. Arnold, Geometrical Methods in the Theory of Ordinary Differential
Equations, Springer, New York, 1988.
[15] KJ.Palmer, A generalization of Hartman'’s linearization theorem, J. Math. Anal.
Appl. 41(1973) 752.
[16] ]. Shi, K. Xiong, On Hartman's linearization theorem and Palmer’s linearization
theorem, J. Math. Anal. Appl. 192 (1995) 813-832.
[17] L. Jiang, Strongly topological linearization with generalized exponential
dichotomy, Nonlinear Anal. 67 (2006) 1102.

[18] P.J. Olver, Applications of Lie Groups to Differential Equations, in: GTM, vol.
107, Spring-Verlag, New York, 1998.

[19] G. Gaeta, G. Marmo, Non-perturbative linearization of dynamical systems,
J. Phys. A: Math. Gen. 29 (1996) 5035-5048.

[20] V.K. Chandrasekar, M. Senthilvelan, M. Lakshmanan, On the complete
integrability and linearization of nonlinear ordinary differential equations—
part II: third order equations, Proc. R. Soc. Lond. Ser. A 461 (2005) 2451.

[21] R.H. Heredero, A. Shabat, V. Sokolov, A new class of linearizable equations,
J. Phys. A: Math. Gen. 36 (2003) L605.

[22] L. Griine, E.D. Sontag, F.R. Wirth, Asymptotic stability equals exponential
stability, and ISS equals finite energy gain—if you twist your eyes, Syst. Control
Lett. 38 (2) (1999) 127-134.

[23] F. Lin, Hartmans linearization on nonautonomous unbounded system,
Nonlinear Anal. 66 (1) (2007) 38.

[24] J. Shi, Global topological linearization in critical case, Nonlinear Anal. 43 (4)
(2001) 509.

[25] L. Jiang, Ordinary dichotomy and global linearization, Nonlinear Anal. 67 (4)
(2007) 1102.

[26] H.K. Khalil, Nonlinear Systems, Prentice Hall, New Jersey, 2002.

[27] Katok, Hasselblatt, Introduction to the Modern Theory of Dynamical Systems,
Cambridge University Press, New York, 1996.

[28] J.K. Hale, Ordinary Differential Equations, Wiley, 1969.

[29] P. Cvitanovi¢, R. Artuso, R. Mainieri, G. Tanner, G. Vattay, Chaos: Classical and
Quantum, Niels Bohr Institute, Copenhagen, 2005.

[30] ].J. Stoker, Differential Geometry, Wiley, New York, 1969.

[31] L. Perko, Differential Equations and Dynamical Systems, Springer-Verlag, New
York, 1991.

[32] J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems, and
Bifurcations of Vector Fields, Springer-Verlag, New York, 1983.

[33] J. Hale, Ordinary Differential Equations, Wiley-Interscience, New York, 1969.

[34] C.Sparrow, The Lorenz Equations: Bifurcations, Chaos and Strange Attractors,
Springer-Verlag, New York, 1982.

[35] A. Mauroy, I. Mezi¢, On the use of Fourier averages to compute the global
isochrons of (quasi) periodic dynamics, Chaos 22 (3) (2012) 033112.



	Linearization in the large of nonlinear systems and Koopman operator spectrum
	Introduction
	Extension of linearization theorems
	Definitions, notations and Hartman--Grobman theorem
	Linearization of autonomous flows
	Linearization of diffeomorphisms
	Linearization of time-dependent flow
	Linearization around a periodic orbit

	Several examples
	One-dimensional model
	A 2-dimensional flow with one unstable equilibrium
	Rayleigh equation
	Duffing equation with spiral centers
	Lorenz equation---linearization on the unstable manifold

	Summary
	Acknowledgments
	References


